In this paper the theory of the infinitesimal, baryon-number conserving, adiabatic, radial oscillations of a gas sphere is developed in the framework of general relativity. A variational base for determining the characteristic frequencies of oscillation is established. It provides a convenient method for obtaining sufficient conditions for the occurrence of dynamical instability. The principal result of the analysis is the demonstration that the Newtonian lower limit f, for the ratio of the specific heats 7, for insuring dynamical stability is increased by effects arising from general relativity; indeed, is increased to an extent that, so long as 7 is finite, dynamical instability will intervene before a mass contracts to the limiting radius (>2.25 GM/c 2 ) compatible with hydrostatic equilibrium. Moreover, if 7 should exceed f only by a small amount, then dynamical instability will occur if the mass should contract to the radius
I. INTRODUCTION
It is well known that the gravitational field external to a spherical distribution of matter is described by Schwarzschild's metric -ds>= -(l-^)(^O ) 2 +r 2 (J02 + sin2W)+r _^__ ) (1) where M is the inertial mass of the source of the gravitation. The metric (1) obtains, whether or not the matter which gives rise to the field is endowed with radial motions, so long as the spherical symmetry is preserved.
From the form of the metric (1), it is apparent that the spacelike and the timelike characters of the coordinates x° and r are retained only for ^2 GM z> , ^ r >-j-=R s (sa,y).
(2) c The radius R s defined by this inequality is the Schwarzschild limit appropriate to the mass if. If we should contemplate a situation in which the matter giving rise to the field is confined within a radius R < Rs, then the character of the coordinates x° and r must change as we cross the Schwarzschild limit; and the nature of space-time under these circumstances has been discussed widely in the literature (cf. Landau and Lifshitz [1962] , p. 329). But these questions do not arise if we suppose that the matter, which gives rise to the external metric (1), is in a state of hydrostatic equilibrium and is further described by a pressure p and an energy density e (= -TV); for it can then be shown that the radius R of the configuration is necessarily restricted by the inequality (Buchdahl In other words, we are not called upon to consider what might happen if r < Rg: it simply does not happen ! The question which now occurs is whether the existence of the limit (3) has any bearing on the dynamical stability of the mass. It is known that, in thé framework of the Newtonian theory of gravitation, the condition for dynamical stability is that the "ratio of the specific heats" y (in case it should be a constant) must exceed §. The question is now essentially this: is the Newtonian lower limit § on y affected by general relativity? We shall show that general relativity does affect the condition for dynamical stability in a very striking way: for any finite y, dynamical instability always intervenes before the limit on the radius set by the inequality (3) is reached; and, more particularly, if y should exceed J only by a small amount, then for dynamical stability
where K is a constant which depends, principally, on the density distribution. According to the asymptotic requirement (4), dynamical instability can intervene long before the Schwarzschild limit is reached. The fact that instability may arise under certain circumstances, by virtue of the effects of general relativity, has been considered by Iben (1963) and Fowler (1964) . These authors introduce the concept of a "binding energy" and argue in terms of it. While such arguments are physically plausible (and sometimes give the correct results), it is known that they are not always conclusive. In any event, it is clear that the question of the dynamical stability of a gaseous mass can be answered without any ambiguity by an analysis of its normal modes of radial oscillation. In this paper such an analysis will be provided; and on its basis the condition for dynamical stability will be established in a number of special cases.
The principal results of this paper have been announced in preliminary Letters (Chandrasekhar 1964a, b ; see also Chandrasekhar and Tooper 1964) .
After the present paper was mostly completed, Dr. A. H. Taub drew my attention to an earlier paper of his (1962) in which the problem considered in this paper has been formulated by him in one special case. But the variational base for discriminating dynamical stability and the fact that a relation of the form (4) emerges in general relativity do not appear to have been considered before.
II. THE EIELD EQUATIONS
We consider a spherically symmetric system with motions, if any, only in the radial directions. There is then no loss of generality in supposing that the metric is of the form 
where R/ denotes the contracted Riemann-Christoffel tensor and Tf the energy-momentum tensor. We shall assume that T/ is of the form where
is the contravariant four-velocity, p is the pressure, and € is the energy density (arising from all causes). In the case under consideration only the components vP and w 1 are different from zero; therefore, TV = = p ,
whether or not motions are present. A useful relation which follows from equations (6) and (7) is -y (X+i') W-To»).
(13) r dr c 4 Equations (6)-(9) are not all independent since the covariant divergence of RfRbp vanishes identically; and this last fact leads to the relation (7V); t = 0
as a necessary identity. In the case under consideration equation (14) 
Eliminating n from equations (20) and (21), we obtain the following pair of equations which are usually taken to describe hydrostatic equilibrium in general relativity: 
IV. EQUATIONS GOVERNING INFINITE SIMAL RADIAL OSCILLATIONS
We shall now suppose that an equilibrium configuration governed by the equations of Section III is perturbed in a manner that its spherical symmetry is not violated. As a consequence of such a perturbation, motions in the radial directions will ensue.
. In obtaining the equations governing the perturbed state, we shall neglect all quantities which are of the second and higher orders in the motions and retain only the terms which are linear in them. Then 
is the velocity in the radial direction in units of the velocity of light. To the same order as equations (25),
To 1 = (po + eo^Wo = -• (po + €o)v , and (28) Ti° = (po + €o)w°Wi = e^o^ipo + €o)v .
(Notice the absence of the subscripts zero for p and e in eq. [27] .)
Now let X = X 0 + ÔX , v = vq ôv , p = po + dp , and e = eo + ôe (29) 
As the remaining two field equations, we may use the appropriately linearized forms of equations (9) 
Substituting for dp^/dr in this last equation from equation (21), we can also write
Considering next equation (31) and substituting for 8\ in accordance with equation (35), we obtain Sv = ^r[ ô P-+ + é] -r dr or in view of equation (22),
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We shall now suppose that all the perturbations have a dependence on x° of the form
where c<r is a characteristic frequency to be determined. Letting SX, Sv, bp, and be now stand for the amplitudes of the respective quantities with the time-dependence (42), we can rewrite equation (33) in the form
where we have substituted for (po + e^dbv/dr in accordance with equation (41). Also, it should be recalled that be is expressed in terms of fand the unperturbed variables by equations (38) or (39).
V. THE CONSERVATION OF THE BARYON NUMBER
The held equations have enabled us to express the perturbations in all the variables, except the pressure, in terms of the Lagrangian displacement £ and the unperturbed variables. To express bp similarly in terms of £, we need an additional assumption which will make the physical content of the present theory equivalent to the physical content of the corresponding non-relativistic theory of the adiabatic radial oscillations of a gaseous mass. Since the energy-momentum tensor (10) which we have assumed includes no dissipative terms, the first law of thermodynamics is, in effect, already included in the theory (cf.^ Landau and Lifshitz [1962] , p. 382). What requires to be added to the field equations is, therefore, some statement which will be equivalent to the separation of e, in the classical theory, into a part which is related to the rest mdss of the constituent particles of the system and a part which is related to what is conventionally the internal energy of the system. While the additional assumption by which we must supplement the field equations can be formulated in a variety of ways, it is perhaps simplest (particularly for the contexts in which the present theory may find application) to state the supplementary condition as that required by the conservdtion of the bdryon number} If N is the number of baryons (anti-baryons counted negatively) per unit volume, its conservation in general relativity will require that
In the framework of the present linearized theory in which the non-vanishing velocity components are given by equations (25), equation (45) 
\ The procedure we follow here is essentially the same as that of Landau and Lifshitz (1959, p. 501) 
With v expressed in terms of the Lagrangian displacement £, equation (48) integrates to give
The last term on the right-hand side of equation (49) 
Now if
is the equation of state, then, it follows from equations (39) and (51) that
where 7 is the "ratio of the specific heats" defined in the manner
VI. THE PULSATION EQUATION AND THE VARIATIONAL PRINCIPLE
With de and dp given by equations (37) and (53), equation (43) Using this relation, we find that expression (56) becomes SttG e^po ( ÿo + «o ) ¿ -i ( ÿo + «o ) ¿7 (7 + ^7) ^ _ x w a \ a i 1 dp 0 /8 « °Po(po + eo)t + ?j^{j; 4 dpo 2_ dpo\ po + e 0 dr/ r dr SttG .
where use has again been made of equation (21). With this reduction of the four terms, equation (55) 
where £0) and £0) are the proper solutions belonging to different characteristic values of <7 2 . Since equation (61) expresses a minimal (and not merely an extremal) principle, it is clear that a sufficient condition for the dynamical instability of a mass is that the right-hand side of equation (61) vanishes for some chosen "trial function" £ which satisfies the required boundary conditions. We shall investigate in the following sections the conditions for the occurrence of dynamical instability for a number of special models.
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VII. THE HOMOGENEOUS MODEL
We shall first apply the condition for dynamical instability derived in Section VI to the homogeneous sphere of constant energy-density e and constant ratio of specific heats y. As is well known, equations (23) and (24) 
we find that the solutions for the relevant physical quantities can be expressed in the forms P y-yi Syi-y 1 1 and e v = l(3yi -y) 2 .
We may parenthetically note here that according to the present solution for p, a necessary condition for the pressure to be positive everywhere is 3yi >1 or R 2 < 8"2
Expressing this last inequality in terms of the inertial mass 
As we have already stated in Section I, Buchdal (1959) has shown that the lower limit to R set by the inequality (69) is absolute in the sense that it obtains independently of any constitutive relations between p and e that may exist. Now inserting the solutions (65) in equation (61) 
The various integrals in equation (75) are elementary and can be evaluated. And we find from the resulting equation (with a 2 set equal to zero) that for any assigned value of 0i (< sec -1 3 = 70?529) dynamical instability must occur if 7 is less than a certain 7c (which depends on 0i). The values of y c determined in this manner are listed in Table 1 . trial function £ = r)e v/ *; it is seen that this trial function is somewhat "better" than £ = rje v/2 , particularly for the larger values of 0i. It is evident that in the limit 0i -» 0, the results obtained are exact: for, in this limit, the chosen trial functions tend to the true proper solutions. This is the reason for the close agreement of the results derived with the aid of the two trial functions as 0i -» 0.
When 0i -» 0, we find from equation (75) 
The meaning of this last inequality is that if y should be in excess of § by only a small amount, then dynamical instability will intervene when the mass has contracted to the radius given by the right-hand side of the inequality. The inequality (80) is the expression, in the present context, of the relation (4) mentioned in the Introduction. Tooper (1964) has recently constructed, in the framework of general relativity, models which are generalizations of the classical models of Lane and Emden. In these relativistic models, the pressure is assumed to be proportional to some power of the energy density (rather than the density as in the classical models). Expressing the pressure and the energy density in terms of a single function 9 in the manner we may reduce equations (23) and (24) appropriately to obtain differential equations which will determine 9 as a function of r¡. Tooper has carried out the necessary reductions; and I am grateful to him for providing me with his tables of the function 0 in advance of publication. In terms of the variables 0 and 77, equation (60) 
VIII. RELATIVISTIC POLYTROPES
the values of y at which marginal stability occurs, for some assigned values g, were determined with the aid of equation (83) for the case n = 3. The results of the calculation are given in Table 2 . We observe that while the trial function £ = 77 is slightly "better" than £ = r)e v/ *, the differences are insignificant in all cases of physical interest (7 < i). 3 The notations used in this paper are slightly different from Tooper's: what he denotes by 0, £, and flare here denoted by 0,27, and q, respectively. 
where C and K are constants which depend, principally, on the density distribution in the configuration. The results given in Tables 1 and 2 are in agreement with these expectations; and it appears, moreover, that the relations (86) and (87), which are expected to be valid only asymptotically, actually predict the onset of dynamical instability (for the polytrope n = 3) with unexpected precision for y < §. It would, therefore, appear that most cases of physical interest can be treated adequately in a post-Newtonian approximative treatment. Such a post-Newtonian treatment will now be considered for the polytropes. It is shown in the Appendix that in the post-Newtonian approximation,
where 0 is a function which is tabulated in the Appendix for n = 1, 2, and 3; 0(77) is the classical Lane-Emden function; 771 its first zero; and |0i'| = -(dd/dr}) v = Vl . Using the relations in the theory of the polytropes which express p c and p c in terms of M and R (or more immediately from the fact that at the boundary = 1 -2GM/Rc 2 ), we find that 1 2GM
The constants C and K in equations (86) and (87) are, therefore, related (in the case of the polytropes) by
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Inserting now the relations (88) in equation (83), expanding the various quantities in a power series in q y and neglecting all terms which are of order higher than the first in q y we obtain after some reductions
where F(^) = _3( w +l),0^ + w^+ ( w + 2)02+(w+l)i7 1 |0 1 , |0 (92) d rj and
It is known that in the Newtonian limit dynamical stability requires that T > f. Therefore, in the post-Newtonian approximation, dynamical stability will require that y > 7c = § + €, where € is a small quantity which will depend linearly on q (in a firstorder theory such as the present). It is also known that in the Newtonian limit the proper solution at marginal stability is proportional to rj. Consequently, with the trial function £ = 77 we should obtain from equation (91) 
Equation (94) leads to the following criterion for the onset of dynamical instability:
where we have made use of the relation We observe that equation (96) is in agreement with the, expectation expressed in equation (86). Moreover, for the constant C we now have the value c= (98) and the value of the constant K in the associated relation (87) follows from equation (90). The values of the constants C and iÇwere determined in accordance with equations (90) and (98) for the cases n = 1,2, and 3; these values are listed in Table 3 . The values of the same constants for the homogeneous sphere derived in Section VII are also ihcluded in Table 3 under n = 0.
IX. CONCLUDING REMARKS
The principal result established in this paper is the demonstration that, in the framework of general relativity, dynamical instability by a mode of radial oscillation will intervene before a gaseous mass contracts to the limiting radius compatible with hydrostatic equilibrium. Under most natural circumstances, when a mass approaches a state where effects arising from general relativity may be expected to play a role, the ratio of the specific heats y âteo approaches the value § so that dynamical instability (under these circumstances) will, in fact, intervene long before the Schwarzschild limit is reached.
TABLE 3 The Values of the Constants C and K in the Asymptotic Relations (86) and (87) As an illustrative example, consider a gaseous configuration with a mass currently assigned to the quasi-stellar radio sources, namely, 10 8 solar masses. For a mass as large as this, the gas pressure can only be a minute fraction ( = 4.3 X 10 -4 ) of the total pressure; and this fact entails the consequence that the effective ratio of the specific heats differs from § by only 7.2 X 10"?. If we assume that the configuration is a polytrope of index 3, then dynamical instability will occur when the mass has contracted to the radius (see Table 3 ) jy 1.1245 2GM y. >7 w 1 m7 n C r 1,+. /nn\ R = -= 4.7 X 10 17 cm = 0.5 light-year, (99) y -A C and it is suggestive that this is of the same order as the radii presently estimated for the quasi-stellar objects.
A second example which illustrates the theory is the occurrence of dynamical instability along the sequence of the degenerate white-dwarf configurations before the limiting mass is reached and when the mean density is still only 6 X 10 8 gm/cm 3 (Chandrasekhar and Tooper 1964).
Finally, it should be emphasized that the instability considered in this paper is entirely relativistic in its origin. An unambiguous demonstration that the instability is manifested in nature when the conditions for its occurrence, as required by equation (61) 
where q -pd^c and rj is the dimensionless radial coordinate defined in equation (82).
In the post-Newtonian approximation, we treat g as a small constant and seek solutions of equations (A2) and (A3) of the forms Q= 6-\r qcp+Oiq 2 ) and
where 6 is the classical Lane-Emden function satisfying the equations and (AS)
Inserting for 0 and V the forms assumed and neglecting all quantities of orders higher than the first in g, we obtain from equations (A2) Eliminating w between equations (A7) and (A8), we find after some reductions that
And the boundary conditions with respect to which equation ( where 771 is the first zero of 9. In the post-Newtonian approximation, the foregoing expressions become 6-* = l + 2(n+l)qrj^ and e v = 1 -2(n +1) q(d + 7]i \ di \ ), (A12) where rji is now the first zero of 6 and 10/1 = -(dO/drj)^^
